Abstract. Let n > 1 be an odd integer. We prove that there are infinitely many imaginary quadratic fields of the form Q( x 2 − 2y n ) whose ideal class group has an element of order n. This family gives a counter example to a conjecture by H. Wada [17] on the structure of ideal class groups.
Introduction
Let x, y and n be positive integers. We consider the the family of imaginary quadratic fields K x,y,n,µ = Q( x 2 − µy n ) with the conditions: gcd(x, y) = 1, y > 1, µ ∈ {1, 2, 4} and x 2 ≤ µy n . Let H(K x,y,n,µ ) and C(K x,y,n,µ ) be repectively denote the class number and (ideal) class group of K x,y,n,µ . For µ ∈ {1, 4}, there are many results concerning the divisibility of H(K x,y,n,µ ).
In 1922, T. Nagell [13] proved that H(K x,y,n,1 ) is divisible by n if both n and y are odd, and ℓ | x, but ℓ 2 ∤ x for all prime divisors ℓ of n. Let s be the square factor of x 2 − y n , that is
where D > 0 is the square-free part of x 2 −y n . For s = 1, N. C. Ankeny and S. Chowla [1] proved that H(K x,3,n,1 ) is divisible by n if both n and x are even, and x < (2×3 n−1 ) 1/2 . In 1998, M. R. Murty [11] considered the divisibility of H(K 1,y,n,1 ) by n, when s = 1 and n ≥ 5 is odd. In the same paper, he further discussed this result when s < y n/4 2 3/2 . He also discussed a more general case, that is the divisibility of H(K x,y,n,1 ) in [12] . K. Soundararajan [15] (resp. A. Ito [6] ) studied the divisibility of H(K x,y,n,1 ) by n under the condition s < (y n − x 2 )/(y n/2 − 1) (resp. each prime divisor of s divides D also). Furthermore, Y. Kishi [9] (resp. A. Ito [6] , and M. Zhu and T. Wang [18] ) studied the divisibility by n of H(K 2 k ,3,n,1 ) (resp. H(K 2 k ,p,n,1 ) with p odd prime and H(K 2 k ,y,n,1 ) with y odd integer). Recently, K. Chakraborty et al. [2] discussed the divisibility by n of H(K p,q,n,1 ) when both p and q are odd primes, and n is an odd integer.
On the other hand, B. H. Gross and D. E. Rohrlich [14] (res. J. H. E. Cohn [3] , and K. Ishii [8] ) proved the divisibility by n of H(K 1,y,n,4 ) (resp. H(K 1,2,n,4 ) except for n = 4, and H(K 1,y,n,4 ) for even n) for an odd integer n. Further, S. R. Louboutin [10] proved that C(K 1,y,n,4 ) has an element of order n if atleast one odd prime divisor of y is equal to 3 (mod 4). Recently, A. Ito [7] discussed the divisibility of H(K 3 e ,y,n,4 ) by n under certain conditions.
More recently A. Hoque and K. Chakraborty [4] proved that H(K 1,y,3,2 ) is divisible by 3 for any odd integer y. In this paper, we show that C(K p,q,n,2 ) has an element of order n when both p and q are odd primes, and n is an odd integer. Namely, we prove: Theorem 1. Let p and q be distinct odd primes, and let n ≥ 3 be an odd integer with p 2 < 2q n and 2q n − p 2 = . Assume that 3q n/3 = p + 2 whenever 3 | n. Then C(K p,q,n,2 ) has an element of order n.
An immediate consequence of the above result is: Corollary 1. Let p, q and n as in Theorem 1. Then there are infinitely many imaginary quadratic fields with discriminants of the form p 2 −2q n whose class number is divisible by n.
The present family of imaginary quadratic fields provides a counter example of a conjecture (namely, Conjecture 2) given by H. Wada [17] in 1970.
Proof of Theorem 1
We begin the proof with the following crucial proposition. Proposition 1. Let p, q and n as in Theorem 1, and let s be the positive integer such that
where D is a square-free positive integer. Then for α = p + s √ −D, and for any prime divisor ℓ of n, 2α is not an ℓ-th power of an element in the ring of integers of K p,q,n,µ .
Proof. Let ℓ be a prime such that ℓ | n. Then ℓ is odd since n is odd. From (2.1), we see that −D ≡ 3 (mod 4), and thus if 2α is an ℓ-th power of an element in the ring of integers O K p,q,n,2 in K p,q,n,2 , then we can write 2α
2) for some u, v ∈ O K p,q,n,2 . Taking norm, we obtain
This shows that ℓ = 3 with 3 | n. Thus (2.3) reduces to
where n = 3m for some integer m > 0. Now (2.4) implies that u and v either both odd or both even since D is odd. If both u and v are even, then 2 | q which is a contradiction. It remains to treat the case when both u and v are odd. We compare the real and imaginary parts on both sides of (2.2), and get
(2.6) We see that (2.5) implies u | 2p. As u is an odd integer and p is odd prime, we must have u = ±1 or u = ±p. If u = 1, then (2.5) would imply 2p = 1 − 3v 2 D, which is a contradiction. Similarly, if u = p then (2.5) gives
Reading (2.7) modulo 3, we see that p 2 ≡ 2 (mod 3) which again leads to a contradiction.
Again when u = −1, the relations (2.5) and (2.4) give,
and
(2.9) We now add (2.8) and (2.9), and that gives
Now subtracting (2.9) from (2.8) which leads us to
In this case finally (2.10) and (2.11) together give 3q m = p + 2. This contradicts the assumption.
We are now left with the case when u = −p. 
Multiplying (2.12) by q 3 and then using (2.1), we see that
Reading this modulo D, we have (since p ∤ D)
Applying (2.14) in (2.12), we see that 
This contradicts to (2.15). Finally in case of m = 2 (mod 3), (2.15) and (2.16) together imply
which further implies (by (2.15))
Thus once again we arrive at a contradiction. This completes the proof.
Proof of Theorem 1.
Let s be the positive integer such that
where D is a square-free positive integer.
whereᾱ is the conjugate of α, and they are coprime. We see that q splits completely in K p,q,n,2 = Q( √ −D), and thus we have,
where q and its conjugate q are prime ideals in
We see that (α) is not divisible by any rational integer other than ±1, and thus we can consider the following decomposition of (α):
Then N(α) = 2q m and hence n = m. We now put A = pq. Then (since n is odd)
denotes the ideal class containing A, then by Proposition 1 we see that the order of [A] is n. This completes the proof.
Numerical Examples
Here, we provide some numerical values to corroborate Theorem 1. All the computations in this paper were done using PARI/GP (version 2.7.6) [16] . Table 1 gives the list of imaginary quadratic fields K p,q,n,2 corresponding to the distinct primes p and q not larger than 17, and odd integer 3 ≤ n ≤ 19. We see that absolute discriminants are not exceeding 5 × 10 23 , and the corresponding class numbers are very large which can go upto (about) 5.5 × 10
11 . It is noted that this list does not exhaust all the imaginary quadratic fields K p,q,n,2 of discriminants not exceeding 5 × 10 23 . In the Table 1 , we use * mark in the column for class number to indicate the failure of the assumption "3q n/3 = p + 2" of Theorem 1. 241  12  3  3  7  -677  30  3  3  11 -2653  24  3  3  13 -4385  96  3  3  17 -9817  48  3  5  3  -29  6  3  5  7  -661  18  3  5  11 -2637  36  3  5  13 -4369  48  3  5  17 -9801  72  3  7  3  -5  2*  3  7  5  -201  12  3  7  11 -2613  24  3  7  13 -4345  48  3  7  17 -9777  60  3  11 5  -129  12  3  11 7  -565  12  3  11 13 -4273  24  3  11 17 -9705  72  3  13 5  -81  1*  3  13 7  -517  12  3  13 11 -2493  24  3  13 17 -9657  48  3  17 7  -397  6  3  17 11 -2373  24  3  17 13 -4105  48  5  3  5  -6241  40  5  3  7  -33605  240  5  3  11 -322093  150  5  3  13 -742577  800  5  3  17 -2839705  800  5  5  3  -461  30  5  5  7  -33589  150  5  5  11 -322077  280  5  5  13 -742561  500  5  5  17 -2839689  1760  5  7  3  -437  20  5  7  5  -6201  80  Continued on next page Table 1 -continued from previous page 
Concluding Remarks
We begin by observing that in Table 1 there are some values of p and q (see * mark) for which the class number of the corresponding imaginary quadratic fields are not divisible by a given odd integer n ≥ 3. These are because of the failure of the assumption "3q n/3 = p + 2 when 3 | n". However the class number of K 19,7,3,2 is 12 that satisfies the divisibility property even though this assumption does not hold. Thus this assumption is neither necessary not sufficient. We have found only two pairs of values of p and q for which this assumption does not hold. Thus it may be possible to drop this assumption by adding some exceptions for the values of the pair (p, q).
In the light of the numerical evidence we are tempted to state the following conjecture: Conjecture 1. Let p and q be two distinct odd primes. For each odd integer n and each positive integer m such that m is not a n-root of any rational integer, there are infinitely many imaginary quadratic fields of the form Q( p 2 − mq n ) whose class number is divisible by n.
For m = 1, 4, this conjecture is true (see [2] and references therein). Further more Corollary 1 concludes that the conjecture is true for any odd integer n when m = 2.
Finally, we demonstrate the prime parts of the class groups of K p,q,n,2 in Table 2 . The class group of a number field can be expressed, by the structure theorem of abelian groups, as the direct product of cyclic groups of orders h 1 , h 2 , · · · , h t . We denote the direct product C h 1 × C h 2 × · · · × C ht of cyclic groups by [h 1 , h 2 , · · · , h t ]. By Gauss's genus theory, if there are r number of distinct rational primes that ramifies in Q( √ −D), for some square-free integer D > 1, then the 2-rank of its class group is r − 1. In other words, the 2-Sylow subgroup of its class group has rank r − 1. It is noted that the 2-Sylow subgroup of class group tends to r − 2 elementary 2-groups and one large cyclic factor collecting the other powers of 2 in the class number so that the 2-Sylow subgroup of the subgroup of squares is cyclic. On the other hand, r − 1 number of even integers are there among h 1 , h 2 , · · · , h t . Sometimes, the structure of the class group of Q( √ −D) can be trivially determined by r and the class number, h = h 1 h 2 · · · h t . In this case, the group is cyclic when r = 1 or r = 2 or it is of the type (h 1 , h 2 , 2 r 1 , · · · , 2 r k ) when r ≥ 3. In this aspect, H. Wada [17] stated the following conjecture in 1970.
Conjecture 2 (Wada [17] ). All the class groups of imaginary quadratic fields are either cyclic or of the type (h 1 , h 2 , 2 r 1 , 2 r 2 , · · · , 2 r k ).
In Table 2 , we find a class group of the type (h 1 , h 2 , h 3 , 2 r 1 , 2 r 2 , · · · , 2 r k ) (see * * mark) which is not cyclic. This a counter example to Conjecture 2. We demonstrate the structures of class groups of K p,q,n,2 for some values of p, q and n. In Table 2 , by (h 1 , h 2 , · · · , h t ) we mean the group Z h 1 × Z h 2 × · · · × Z ht . 
